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Abstract

In this paper we characterize the intra-regular .AG-groupoids in terms of generalized cubic set.
We show that the concept of (€, € VqA)-cubic ideals and of (€, € VqA)-cubic interior
ideals in an intra-regular .AG-groupoid S with left identity coincides. We additionally demon-
strate that an AG-groupoid S with left identity is intra-regular if and only if 81 A* B2 = 81 0™ B2

for all (€, €p VqA)-cubic quasi ideals 51 = <E~‘s31 , h31> and 32 = <§52, h52> of S.
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1 Introduction

Zadeh [29] started the idea of fuzzy set in 1972, which is a helpful instrument to deal with
uncertain, non correct and vague data. Fuzzy set hypothesis is the augmentation of established
set hypothesis. Atanassov [2] has given another speculation of fuzzy set as intuitionistic fuzzy sets
and also defined different operations [3]. Jun et al. [8] presented another kind of fuzzy sets called
cubic sets. The hypothesis of cubic sets pulled in a few mathematicians. Jun et al. [7] considered
the hypothesis of cubic sets in different algebraic structures such as cubic subgroups [5], cubic
g-ideals of bci-algebras [6] and ideals of bci algebras in cubic structures [9]. Yaqoob et al. [1]
examined a few properties of cubic I'-hyperideals in left almost I'-semihypergroups and cubic KU-
ideals of KU-algebras [27]. For more insight concerning cubic sets and their applications we refer
the perusers [12, 13]. Riaz [25] discussed certain properties of bipolar fuzzy soft topology and
Malik etal. [14, 15] discussed G-subsets and g-orbits under the action of the modular group. More
detail about decision making can be seen in [24, 26]. Murali [16] gave the idea of belongingness
of fuzzy point. In [23], the idea of quasi-coincidence of a fuzzy point with a fuzzy set is defined.
Recently, Yin and Zhan [28] presented progressively broad types of (€, € Vq)-fuzzy filters and
define (€, €, Vgs)-fuzzy filters and gave some intriguing outcomes with regards to terms of
these thoughts. The left almost semigroup contracted as a LA-semigroup (also known as Abel-
Grassman grouppoids [4]), was first introduced by Kazim and Naseerudin [10]. They summed
up some valuable aftereffects of semigroup hypothesis. They presented props on the left of the
ternary commutative law g1 9293 = ¢39291, to get another pseudo associative law, thatis (g192)gs =
(9392)g1, and named it as left invertive law. Afterward, Madad et al. [11], Mushtaq and others
explored the structure further and added numerous helpful outcomes to the hypothesis of LA-
semigroups [21] such as associative LA-semigroups [22], partial ordering and congruences on LA-
semigroups [17], On left almost groups [18], m-systems in LA-semigroups [19] and topological
structure on LA-semigroups [20].

This article is about the characterizations of Intra-regular .AG-groupoids in terms of General-
ized Version of Jun’s Cubic Sets. We show that the concept of (€., € VgA)-cubic ideals and of
(€p, Er VqA)-cubic interior ideals of an intra-regular AG-groupoid S with left identity coincides.
We likewise demonstrate that an AG-groupoid S with left identity is intra-regular if and only if

B1\* By = 1 0* By forall (€, Ep VgA)-cubic quasiideals 31 = <§517551> and (B2 = <§,82»h,82>
of S.

2 Preliminaries

A groupoid (.5, .) is called AG-groupoid if its components hold the left invertive law

(9492)93 = (9392)94.
Every AG-groupoid fulfill
(9192)(9394) = (9193)(9294),
for all g1, g2, g3, g4 € S. If an AG-groupoid contain the left identity, then

91(9293) = 92(9193),
(9192)(9394) = (9492)(g391),
(9493)(9291)-
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An AG-groupoid S with left identity is
S*C 8.

An element g; of S is called regular if there exist [ € S such that g1 = (g1/1)g1 and S is called
regular, if every element of S is regular. An element g; of S is called intra-regular if there exist
l1,ls € S such that g; = (l1%)l2 and S is called intra-regular, if every element of S is intra-regular.

Theorem 2.1. For an AG-groupoid S with left identity, the following conditions are equivalent.
(i) S is intra-regular.

(if) Q1 N Q2 = Q1Q2 for any quasi ideals Q1 and Q2 of S.

Theorem 2.2. For an AG-groupoid S with left identity, the accompanying conditions are comparable,
(i) S is intra-regular.

(it) R4 N Rs C Ry Ry for any left ideal Ry and right ideal Rs of S.

Theorem 2.3. For an AG-groupoid S with left identity, the accompanying conditions are comparable,
(i) S is intra-regular.

(it) R N Ry = RyR3(R3 N Ry C RyR3) for any left ideal Ry and quasi ideal R of S.

Theorem 2.4. For an AG-groupoid S with left identity, the following conditions are equivalent.
(i) S is intra-regular.

(it) Ry N R3 = (R4R3) R4 for any left ideal R, and quasi ideal Rg of S.

Theorem 2.5. For an AG-groupoid S with left identity, the accompanying conditions are comparable,
(i) S is intra-regular.

(if) RaR3s C Ra N Rg for all bi ideal Ry and quasi ideal Rs of S.

An interval number is g = [g97, g7 ], where 0 < g7 < g < 1. Let D[0, 1] denote the family of
all closed subintervals of [0, 1], i.e.,

D[0,1] ={g1 = 97,97 ] : g1 <gi, forgy,gf €I}

”» »

The operations "> 7,7 <7,”7 =7 "rmin” and "rmaz” in case of two elements in DI0, 1] defined
as. If g1 = [97 .9/ ] and G2 = [g5 , 95 ] € D[0, 1]. Then,

(i) g1 = g2 if and only if g; > g5 and g > g5,
(ii) g1 = g if and only if g; < g, and g < g5,
(i31) g1 = g if and only if g, = g; and g} = g5,
(i) rmin{g1, g2} = [min{gf,g;},min{gﬁgj}},
(v) rmaz{gi, go} = [max{gy , g5 }, max{g{", g3 }] -
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An interval valued fuzzy set (briefly, IVF-set) fiz, on L is defined as

firy = {00, (g, (L), iy, ()]) : 1 € L},

where iy, (I1) < hj; (Ih), for all [; € L. Then the ordinary fuzzy sets i : X — [0,1] and
hf, + X — [0,1] are called a lower fuzzy set and an upper fuzzy set of 1, respectively. Let i, (1) =
[hg, (l), 7ify (11)], then,

Ry = {<11,%R1(11)> = X},

where iz, : X — D[0,1].

3 (€r, €r Vga)-cubic ideals

In this segment we have define the idea of a (€, € VgA)-cubic sub AG-groupoid (resp.,
ideal, bi-ideal, interior ideal and quasi-ideal) of an .AG-groupoid which is denoted by S with the
assistance of cubic point. Here we give some essential outcomes.

Definition 3.1. [8]. A cubic set 51 = <§51, h51> is of the shape:

Br = {1, 85, (1), s, (1)) 1y € L},
where the functions §51 : X — D[0,1] and hg, : X — [0,1].

Definition 3.2. Let 8; = <§51,h51> and By = <§52, h52> be two cubic sets of S, then 51 N Py =
{1 rmin{Sp, (1), S, (1)}, max{hs, (1), b (W)} ) 1 € 8},

and By o By = {<zl,§ﬁloﬁ2(zl),hﬁloﬁz (11)> e s},

where ~ _
rsup {rmin{Sa, (I2), Sp,(I3)}}  ifli = lals

Spiops (1) = { P
[0, 0] otherwise

inf {max{hg, (I2), hg,(ls)}} if lr = lals

Porope (h) = { 11?213 otherwise

Definition 3.3. [12]. Let @ € D(0,1] and 8 € [0,1) such that 0 < & and 3 < 1, then by cubic point
(CP) we mean ly(g ) (I2) = (lia (I2) , l1p (I2)) where

@ =1 (0 ifli=1y
ha (l2) = { 0 otherwise and 1 (l2) = { 1 otherwise.

For any cubic set 31 = <§51 , g, > and for a cubic point /; 5 gy, with the condition that [, 8] +
[, B] = [2cx, 23] such that 28 < 1, we mean

(’L) ll(&,ﬁ) er By if §,31 (ll> o ’}71 and ﬁgl (ll) < B <.

220



M. Gulistan et al. Malaysian J. Math. Sci. 15(2): 217-241 (2021) 217 - 241

(i1) L (a5 gABy if Sp, (1) + & = 261 and fig, (1) + B < 20.

(#i1) ll(&,ﬁ) €r VgAp if ll(&,ﬂ) €r py or ll(a’ﬁ)qAﬁl.
Definition 3.4. [12]. Let S be an AG-groupoid. Then the cubic characteristic function

%TA‘ﬂl = <§%I~Aﬁ1’ h%€51>
of 1 = <§@1 ) h,31> is defined as

5., b1 =[11] ifh € . {52=o ifly € By
Seatn={ 22000 Fugh e e <{ 22V HIGH

where 61,9, € D(0,1] such that 4, < 81, and 8,7 € [0, 1] such that 53 < 7a.

We define a relation C V_.
way, i.e f1 C \/q(nA)ﬂQ if ll(a”@) €r 1 implies that ll(a”g) €r VgApBy, Vi € 8S.

on two cubic sets 3; = <§g1, hg1> and 3; = <§52,h52> in this

Lemma 3.1. Let 5, = <§B1vhﬂ1> and B = <§52, h52> be two cubic sets then 1 T Vyr,a)B2 if and
only if
rmax {§62 (91) ﬁl} = rmin{Sg, (g1),01} and
min {hﬁ’z (91) ”72} < max {hﬁl (gl) 762} ,

where 6~1,7~1 € D(0,1] such that 1 < 61 and 92,72 € [0, 1] such that 62 < 7o.

Proof. Same as in [12]. O

Corollary 3.1. Let 8; = <§/31 ; ﬁ/31> B2 = <§/32,h/32> and Q = <§Q, hg> be cubic sets such that

B1 E Vyr,a)B2 and Bz E Vyr a8,

then 5, T Vq(F,A)Q.

Proof. It follows from the Lemma 3.1. O

Remark 3.1. The relation = a) is an equivalence relation on S. Two cubic sets Bo = a) §2 if and only
if
rmaz{rmin{Sg, (I1),01}, 71} = rmaz{rmin{Saq (1), 01}, 71},
and
min {max {hg, (I1),02},v2} = min {max {hq (I1), 02} , 72} .
Definition 3.5. A cubic set ;1 = <§51 , h51> of S is said to be (€, €Er VqA)-cubic sub AG-groupoid
of Sif

li(f,s) €T Brand by, ) €35.2) Pr,
implies that
(1112)<Tmm{517{2}, max{s1,52}) €T VgApy,

where 5:,"{1 € D(0,1] such that 1 < 5~1, and 0z, y2 € [0, 1] such that 6o < 7.
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Theorem 3.1. Let 51 = <§51,h51> be the cubic set in S then §1 = <§~‘y51, h51> is said to be (€r, €p
VgA)-cubic sub AG-groupoid of S if and only if

mmax {S, (k) 31} = rmin{S, (1), Sp, (2,61} and

min {hﬁl (1112) 772} < max {hﬁl (ll) ) hﬁl (ZQ) ) 52} )

where &, and 7 € D(0,1] such that 1 < (5~1, and o, v € [0, 1) such that 62 < o.

Proof. Similar to the proof of Lemma 3.1. O

Example 3.1. Let S = {1, 2, 3} and the binary operation ”-” be defined on S as follows:

<1123
112122
213|133
3131313

Then (S, ) is an AG-groupoid with no left identity. Define a cubic set p, = <§51 , h51> as follows:

S C‘}51 hﬂ1
1 ]0.2,0.3] | 0.6
2 0.4,0.5] | 0.5
3 0.6,0.7] | 0.4

Let us define

5, =[0.81,0.0.85] | 72 = 0.3
31 =1[0.75,0.8] | 05 =02

suchthat 5, < 6, and 65 < v1. Then f = <§/317h/31> isan (€ (0.75,0.8,0.3)> €([0.75,0.8,0.3) V4([0.81,0.0.85],0.2))
cubic sub AG-groupoid of S.

Definition 3.6. A cubic set 5, = <§,31 , hg1> of S is said to be (€., Ep VgA)-cubic left (resp., right)
ideal of S Zfll(?,s) €r B1,and ly € S implies that (1211)({7 5) €r VqAp (resp., (lllg)<a 5) €r VgAB),
where 51,?1 € D(0, 1] such that v1 < 5, and 02,71 € [0,1] such that 65 < ;.

B = <§ﬂ1, hﬂl> is said to be an (€, € VgA)-cubic ideal if it is both (€, € VqA)-cubic left
and (€, €Er VqA)-cubic right ideal of S.

Definition 3.7. A cubic set 51 = <§5] g, > of S'is said to be (€, € VqA)-cubic generalized bi-ideal
of Sifforallly,ls,l3 € Sand 1,2 € D(0,1] and s1, so € [0, 1] we have,

ll(ﬂ,sl) €r 61’ ZB(tNQ,sQ) e(%ﬁm) 61 implies that ((l1l2)13)<min{t~1,t~2} max{sl,SQ}> €r \/qAﬁl‘

)

Definition 3.8. A cubic set f; = <§51 , h51> of S is said to be (€, € VqA)-cubic bi-ideal of S if for
all 11, 15,15 € S and t1,t € D(0,1] and sy, s2 € [0, 1] we have,

(Z) ll(ﬂ,sl) €r fB1, 12(52)52) €F3,72) 51 implies that (l1l2)<min{ﬂ,t~2}, max{51182}> €r VgApF;

(i) 11(5781) €r b1, 13(5,32) €@3.,72) 51 implies that ((l1l2)13)<min{t~1,t~2}, HlaX{Sth}> E€r VqApB;.
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Definition 3.9. A cubic set f; = <§51 , h51> of S is said to be (€, € VqA)-cubic interior-ideal of S

if forall ly,ls,1l3 € S and 1,12 € D(0,1] and s1, s2 € [0, 1] we have,

(Z) ll(ﬂ,sl) €r b1, l2(t~2,32) €@F3,72) 51 implies that (l1l2)<min{t~1,t~2}, max{51752}> er VgApB

(Zl) l2(t~1,sl) er £ implies that ((lllz)l?’)(min{ﬂ,@}, max{31782}> €r VqApBy,

where 5~1 and 41 € D(0, 1] such that 41 < 5~1, and 8o, o € [0, 1] such that 6o < 7.

Definition 3.10. Let 8; = <§51 , h/g1> be the cubic set in S then B, = <§51,h31> is said to be (€, Ep
VqA)-cubic quasi-ideal of S if it satisfies rmazx {§ﬂ1 (11) ﬁl} = rmin{ (§ﬂ1 o §3) (lh), (§3 o §31) (1), 61}
and min {hg, (1) ,72} < max{(hg, o hs) (In), (hs © hg,) (l1) 02} ,

where £= <§5,h5> = (1,0), 0y and 51 € D(0,1] such that 5 < 01, and b, o € [0,1] such that
da < 7Ya.

Theorem 3.2. Let 81 = <§51,h51> be the cubic set in S then 31 = <§51,h51> is said to be (€, Ep
VqA)-cubic ideal of S if and only if

rmazx {%51 (l112) ﬁl} = rmin{rmax {%51 (lh) ,§51 (12)} ,§~1},

and
min {hg, (lil2), 72} < max {min{hg, (1), hs, (I2)},02},

where 51,71 € D(0,1] such that 1 < 51, and o, 7y, € 0,1) such that 65 < 7s.

Proof. Same asin [11]. O

Example 3.2. If we consider the AG-groupoid as in Example 3.1 and define the cubic set 1 = <§ 81, lg, >

as follows:
S| g, ha,
1 [[02,03] | 0.5
2 1100.6,0.7] | 0.3
3 [ [0.6,0.7] | 0.3
with

(51 = [045,05] Yo = 0.45
71 =1[0.3,04] |0, =04

such that 1 < 61 and 65 < v1. Then By = <§g1,hﬁl> is an (€, €Er VqA)-cubic ideal of S.

Lemma 3.2. Every (€, €p VqA)-cubic ideal of S is an (€, €Ep VqA)-cubic sub AG-groupoid of S
but converse is not true as shown in the following example.

Example 3.3. Let S = {1, 2,3} and the binary operation “-” be defined on S as follows:
2

—
=l w|—
| | N W

1
3
2
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Then (S, ) is an AG-groupoid with 3 as a left identity. Define a cubic set $; = <§51 , h51> as follows:

S %51 hﬂ1
1 ][0.3,0.4] | 0.6
2 0.3,0.4] | 0.5
3 0.5,0.6] | 0.4

Let us define

01 =10.6,0.7] | 72 =0.3
71 =1[0.2,0.3] | 62 =0.2

such that v, < 51 and 0s < vo. Then 81 = <§517h51> isan
(€([0.2,0.3],0.3) €([0.2,0.3],0.3) V4([0.6,0.7],0.2))-cubic sub AG-groupoid of S. But
b1 = <(\},31 s h,(31> is not an (E([0'2’0‘3]’0'3), €([0.2,0.3],0.3) \/q([o‘6$0~7]’0‘2))—cubic ideal OfS This is due to

rma:c{ggl (2'3),%} = rmaaz{§51 (1),%}

rmax {[0.3,0.4] ,[0.2,0.3]} = [0.3,0.4]

¥ rmin{rmax {§31 (2),S5, (3)} .01}

= rmin{rmaz {[0.3,0.4],]0.5,0.6]},[0.6,0.7]}
— rmin{[0.5,0.6],0.6,0.7]} = [0.5,0.6].

Corollary 3.2. Let 51 = <§31 , h61> be the cubic set in S then 1 = <§51 , h@1> is said to be an (€, €
VqA)-cubic left ideal of S if and only if

rmax {§51 (l112) ﬁl} bt rmin{@Bl (lh) 7(i}cmd
min{h,@1 (l1l2) 7'72} < max {h,31 (l1)7 62})

where 81,71 € D(0,1] such that 5, < &1, and 6, 5 € [0,1) such that 55 < .

Proof. The proof is straightforward. O

Corollary 3.3. Let 51 = <§51,h51> be the cubic set in S then 51 = <§Igl,hﬂl> is said to be (€, Er
VqA)-cubic right ideal of S if and only if

rmax {§51 (l112) ﬁl} bt rmin{§31 (lh) 7(i}cmd
min {hﬁl (l1l2) 7’72} < max {hﬁl (ll) ) 62}' )

where 5:,71 € D(0,1] such that 41 < 51, and 02,2 € [0,1) such that §3 < 7.

Proof. The proof is straightforward. O

Theorem 3.3. Let 8 = <§ﬁ17 h51> be an (€, €p VgA)-cubic sub AG-groupoid of S. Then the set
S<5’1> = {ll €S| @51 (L) =1, > 0and hp, (1) < t; < 1} is a sub AG-groupoid of S.

Proof. Same asin [11]. O
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Theorem 3.4. Let §; = <§51 , h51> of an (Er, Er VqA)-cubic left (resp., right) ideal of S. Then the set
S<5 1) = {l € S| S, (h) = t; > Oand g, (I1) < t1 < 1} cubic left (resp., right) ideal of S.

Proof. The confirmation is direct. O

Theorem 3.5. Let Ry be a sub AG-groupoid (resp., ideal, bi-ideal, interior ideal and quasi-ideal) of S, and
let 51 = <§517h51> be the cubic set in S. If

S, () 0.5 and fig, (1) < 0.5, ifl, € Ry,
Sp, () = Oandhg, () =1, ifl; ¢ Ry,

Y

then B, = <§51, h51> is an (€, €p VqA)-cubic sub AG-groupoid (resp., ideal, bi-ideal, interior ideal
and quasi-ideal) of S.

Proof. Same asin [11]. O

Lemma 3.3. Let ) # Ry C S, then Ry is a sub AG-groupoid of S if and only if cubic characteristic
function 3> Ry = <§,{€Rl , h%FARl> of Ry = <§R17 th> isan (€, Ep VqA)-cubic sub AG-groupoid
of S. Where 51,71 € D(0,1] such that 1 < 61, and 02,72 € [0,1] such that 65 < 2.

Proof. Same asin [11]. O

Theorem 3.6. The intersection of any two (€, €Er VqA)-cubic sub AG-groupoids (resp., ideals, bi-
ideals, interior ideals and quasi-ideals) of S is an (€, € VqA)-cubic sub AG-groupoid (resp., ideal,
bi-ideal, interior ideal and quasi-ideal) of S.

Proof. Straightforward. O

Remark 3.2. The intersection of any family of (€, €Er VgA)-cubic sub AG-groupoids (resp., ideal) of
Sisan (€p, €p VqA)-cubic sub AG-groupoid (resp., ideal) of S.

Let us now define the er VgA-cubic level set for the cubic set 51 = <§51, hﬁ1> as
[ﬁﬂ(aé) = {ll es: ll(tjé) Sy \/qAﬂl}.

Theorem 3.7. A cubic set 3, = <§51 ) 551> is said to be (€, € VqA)-cubic sub AG-groupoid (resp.,
ideal, bi-ideal, interior ideal and quasi-ideal) of S if and only if () # [ﬂl](ﬁ 5) is a sub AG-groupoid (resp.,
ideal, bi-ideal, interior ideal and quasi-ideal) of S.

Proof. Same asin [11]. O
Theorem 3.8. Let 31 = <§31,h31> be the cubic set in S then ;1 = <§517h51> is said to be (€, Ep
VgA)-cubic bi-ideal of S if and only if
rmax {@51 (lhl2) ﬁl} rmin{rmax {§ﬂ1 (l1) ,@31 (lg)} 01}
min {hﬂl (l1l2) 7/72} < max {Hlln {h/31 (ll) 7h/31 (12)} 762} )

Y
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and
rmax {%51 (l1l2l3) ﬁl} = rmin{rmaz {%51 (lh) ,§/31 (lg)} 01}
min {hg, (lil2l3),72} < max{min{hg (I1),hs, (I3)},02},

where 51,?1 € D(0, 1] such that v1 < 5~1, and 02,72 € [0,1) such that §3 < 7.

Proof. It follows from the proof of Theorem 3.2. O

Corollary 3.4. A cubic set 1, = <§/31,h51> of a AG-groupoid S is said to be (€, €Ep VqA)-cubic
generalized bi-ideal of S if and only if

rmax {@51 (I11213) ﬁl} = rmin{rmazx {@51 (Ih), S, (13)} 01,

and
min {hﬂl (111213) 372} < max {min {hB1 (ll) ) hﬁl (l3)} ) 62} s

where 1 and 7 € D(0,1] such that 41 < 51, and 5, Y2 € [0, 1] such that 62 < ~o.

Proof. The confirmation is direct. O
Theorem 3.9. Let 51 = <§51,h51> be the cubic set in S then 1 = <§51, h51> is said to be (€, Ep
VgA)-cubic interior-ideal of S if and only if
rmax {@51 (l112) ﬁl} = rmin{rmax {@51 (1), §51 (lg)} ,6~1}
min {hﬁl (l1l2) ,72} < max {min {hﬁl (ll) 77:",31 (l2)} ) 52} .

and

Y

rmazx {§51 (l1lal3) ,%} rmin{§51 (I2) ,5~1}
min {fg, (l1l2l3),72} < max{hg (l2),d2},

where 51 and 41 € D(0,1] such that 1 < 6~1, and 02, v2 € [0, 1] such that 6o < 5.

Proof. It follows from the proof of Theorem 3.2. O

4 Intra-regular AG-groupoids

This is the principle segment and we we characterize Intra-regular AG-groupoids with the
assistance of differenet sorts of (€., € VgA)-cubic ideals of S.

Lemma 4.1. Let 51 = <§51, h51> be a cubic set of an intra-regular AG-groupoid S, then

SoB1 =r,a) B,

and
Br1o8 =r,a) B,

hold where S = <§5, h5> =(1,0).
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Proof. Since S is intra-regular and let g; € S, then there exist [1,l> € S such that g1 = (I197)l2.
Now, g1 = (I1(9191))l2 = (91(I191))l2 = (I2(l191))g1. Therefore, we consider

Ssop (1) = rsup  {rmin{Ss(la(li91)), S, (91)}}
g1=l2(l191))91

rsup  {rmin{1, §61 (91)}}
g1=(l2(l191))g1

= rsup  {Sp, (1)}
91=(l2(l191))g1

= Su(90).
On the other hand,
hsopi (o) = _ It maxths(2(hgy) s (91)})
= gty 0 B (9}
= ol U 0}
= g, (1)
Therefore,
rmaz{rmin{Ssos, (), 61}, 71} = rmaz{rmin{Ss, (91). 01} 71}

min {max {hﬁl (gl)’ 62} ) 72} :

min {max {hSoﬁl (gl)a 52} 5 72}
Thus, Soff; =) f1 holds.

Now, for 810S= a) /1 we have

lig})la = (lig7)(gsl2) as gs is left identity
l2gs)(g3l1) by paramedial law
9191)((l295)11) by 91(9293) = 92(9193)
11(l2g5))(g191) by paramedial law

= g1((li(l295))g1) by 91(9293) = 92(g9193).

g =

o~ o~ o~ o~

Therefore,
Spros(gr) = rsup  {rmin{Ss, (91), Ss((li(lags))g1)}}
91=91((11(l295))91)

= rsup {rmin{Sg, (g1),1}}
91=91((l1(l295))91)

= rsup {35, (91}
91=91((l1(l295))91)

= Sp(90):
On the other hand,

hgos(g1) = inf {max{hg, (91), hs((l1(l2g5))91) }}
91=91((l1(l295))91)

= lnf max h ,O
91291((11(1295))91){ {51(91) 1

= inf h
91:91((l1(1295))gl){ B1 (gl)}

= Tfis(91)-
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Therefore,

7/.Tnax{T'Tnin{glhOS (gl)a 51}7 ;yvl} rmaz{rmm{§51 (g1)7 51}7 ’?1}

min {max {fg,05(g1),02}, 72} = min{max{hg, (91),02},72}.
Thus, 310S=( a) 1 holds. O

Corollary 4.1. Let 51 = <§51, h51> be a cubic left(resp,. right, two sided) ideal of an intra-regular
AG-groupoid S, then Sof31 = ay f1 and B1 0 S = Ay 1 hold where S = <§3, h5> = (T, 0).

Proof. It follows from the proof of Lemma 4.1. O

Theorem 4.1. Let §; = <§51 , hgl> be a cubic set of an intra-reqular AG-groupoid S with left identity,
then the following assertion are equivalent.

(1) b1 = <§51,h51> isan (€, €Ep VgA)-cubic ideal of S.

(i) B1 = <§51,h51> isan (€, €Ep VgA)-cubic interior-ideal of S.

Proof. It is obvious. O

Theorem 4.2. Let §; = <§/31 , h/31> be a cubic set of an intra-reqular AG-groupoid S with left identity,
then the following conditions are equivalent.

(1) b1 = <S~‘951 , h51> is an (€, Ep VqA)-cubic left-ideal of S.

(i3) b1 = <§ﬁ1,hﬁ1> is an (€, €Ep VqA)-cubic right-ideal of S.

(131) By = <§51, h51> is an (€, Ep VgA)-cubic ideal of S.

(iv) By = <§51, h51> is an (€, Ep VqA)-cubic bi-ideal of S.

(v) B = <§51,h/31> is an (€, €Er VqA)-cubic generalized bi-ideal of S.
(vi) B1 = <§s51, h51> is an (€, Ep VgA)-cubic interior-ideal of S.
(vii) B = <§51 , h51> is an (€, Ep VqA)-cubic quasi-ideal of S.

(viii) froS=(r,a) 1 and Sofy = Ay 1 where S= <§5, h5> = (T, 0).

Proof. (i) = (viii)
It directly follows from the Corollary 4.1.

(viii) = (vii) is obvious.
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(vii) = (vi)
Let 51 = <§I3lvh/31> be an (€, € VgA)-cubic quasi-ideal of an intra-regular AG-groupoid S
with left identity. Since S is intra-regular and let g1 € S, then there exist g2,93 € S such that
g1 = (9297)g3- Now, consider

(hg)le = (11((g9297)93))l2 as g1 = (9297)93
((9297)(1193))l2 by g1(g293) = g2(9193)

= ((gsll)(gfgg))l by (9192)(9394) = (9493)(9291)
(91((g3l1)g2))l2 by g1(g293) = 92(g193)
(12((g3l1)g2))(g191) by left invertive law

91((12((g3l1)g2))g1) by g1(9293) = 92(9193),

and

((9297)93))l2 as g1 = (9297) 93

(lrg1)lz )
(9297)(1193))l2 by g1(9293) = 92(9193)
( )

)

(L

(

((9311)(9192))l2 by (9192)(9394) = (9295)(9291)
= (47 ((g311)g2))l2 by g1(g293) = 92(9193)

(

(

(

12((gsl1)g2))(g9191) by left invertive law

9191)(((g3l1)92)l2) by (9192)(9394) = (9493)(9291)
(((g311)g2)12)g1) g1 by left invertive law.

Since 81 = <§51 , h51> is an (€, €r VqA)-cubic quasi-ideal of S, thus,

rmaz {§g1 ((hg1)l2) ﬁ1} = rmin{ (§51 o §5) ((hg1)l2), (Ss 0S5,) ((hg)ka) 01}, (1)

and
min {Ag, ((l1g1)l2) ,72} < max {(Ag, o hs) ((l1g1)l2) , (fis o hg,) ((lig1)l2) , 2}, (2)

where S= <§57 h5> = (T, 0). We consider

(§51 ° §£> ((lig1)l2)

=r sup {rmin{Sp, (91), Sc((l2((g5h)92))91))}}
(lrg1)l2=g1((l2((g3l1)g2))91)

=r sup {rmin{Ss, (91), 1}} = S, (g), 3)
(l1g1)l2=g1((12((g3l1)g2))91)

and

Sz 0Ss,) ((ligr)l2)

= sup {rmin{S2(((((gs11)g2)l2)91)), Sy (91)}} (4)
(lrg1)la=((((g3l1)g2)l2)g1)91
—r sup {rmin{T, Sg,(91)}} = Sa, (91)-

(l191)l2=((((93l1)g2)12)g1) 91

By using (3) and (4) into (1), we get
rmax {§ﬁ1 ((l191)l2) ,71}
= rmind (35, 0 Sz ) ((hg)le) S 0 S5,) (gn)le) ,51) (5)

= rmin{Sg, (91), S, (91), 61} = rmin{S, (g1), 01 }-
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On the other hand,

(hg, o he) ((ligr)le)
= inf {max{hg, (91), he(((l2((g3l1)g2))g1)) }} (6)

(l1g1)l2=g1((12((g3l1)92))91)
— inf max{h ,0}} < hg, ,
g (gt gy (X o (91) O3} < s (91)

and

(he o hg,) ((Lig1)l2)
= inf {max{s (((((93l1)g2)l2)91)), hs, (91) }} (7)

(l1g1)l2=((((g3l1)g2)l2)g1)g1
= inf max{0, i <h .
(llgl)12:((((57311)572)12)571)91{ { P (91)}} Ar (91)

By using (6) and (7) into (2), we get

min {hg, ((l1g1)l2),72}
< max {(hg, o fic) ((lig1)l2) , (he o hg,) ((ligr)l2) , 02} (8)
< max {hﬁl (91)7 hﬁ1 (gl) a52} = max{hfﬁ (gl)v 52} .

From (5) and (8), we have 3, = <§ﬂ1 , hﬁ1> is an (€, € VqA)-cubic interior-ideal of S.

(vi) = (v)
Let 1 = <§51 , h51> be an (€, €r VqA)-cubic interior-ideal of an intra-regular AG-groupoid S
with left identity. Then by Theorem 4.1, 5, = <§51 , h51> isan (€, € VgA)-cubic ideal of S. So
it is obviously an (€, €r VgA)-cubic generalized bi-ideal.

(v) = (iv) is obvious.

(v) = (741)
Let 51 = <§51 ) 551> be an (€., € VqA)-cubic bi-ideal of an intra-regular AG-groupoid S with
leftidentity. Since S is intra-regular and let g; € S, then thereexistly,ls € Ssuchthatg, = (I19})ls.

Now consider,

(li(g9191))12)g2) = (((91(l191))l2)92)
9212)((9591)(lig1))) = ((92l2)((9101)(9195)))
(9195)(9111))(l292)) = ((91((9195)11))(1292))

(l2g2) = (((l2g2) ((((11g?)l2)g5)11) ) 1)

(l2g2) (12(1191))(9051)))91) (((1292) (11 g5)((1g7) (g512))))g1)
(l2g2)((1195) ((l2gs) (97 11))))91) = (((I2g2)((1195) (97 ((I295)11))))g1)
(l292) (97 ((1195)((1295)11))))91) = (97 ((l2g2)((1195)((I295)11))))g1)-

(9192) ((
((
((
= ((
((
(( (
(( (

Now,

rmax{Ss, (9192), 71} = rmax{i%ﬁl<<<92£<z292><<hgs><<1295>zl>>>>gl>>,%}
Tmin{%ﬁl(g%)’%ﬁl( ) }
), S

= rmin{Sp, (91), S5, (1), 01} = rmin{Sp, (91), 61 }

1Y
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and

min{fig, (9192),72} = min{hg, (((97((l2g2)((1195)((l2g5)11))))91)), 72}
< max{hﬁl (g%)7h51 (91)’52}
= max{hﬁ1 (91)’ hg, (91)762} = max{hﬁl (gl)’62}'

Thus, 81 = <§51 , h51> isan (€, € VgA)-cubicrightideal of S, whichis also an (€, €p VqA)-
cubic left ideal of S. Hence 5, = <§ﬁ1,h51> isan (€, €r VqA)-cubic ideal of S.

(#4i) = (it) and (i3) = (i) are obvious. O
Definition 4.1. Let §; = <§51 ) ﬁgl> and By = <§52, h52> be two cubic sets of S. We define the cubic
sets ﬁ? = <§5f€’hﬁf >, ,61 AF ﬂg = <§51/\%B2’h[31\/%32>’ 61 \Vaal 52 = <§131v>:<132,h131/\>:662> and

By o* By = <Sﬁlo*ﬁz>hﬁlo*ﬂz> as follows:

(1)

=
LS

(91

< Ngx (91), ,3* g1)>
<7’m1n{7"max{\s51( 1),")71},51},max{min{h51 (gl),fyg},52}>
(S

(91) V)RS, (B, (91) A y2) V 52>

(i)
B1 A* B2(g1)
= <§ﬁ1/\*ﬁ2(gl) hBIV*BZ( )>

_ < rmin{r max{(\rgl/\\952)
max{min{(hg, V hg,)(

(g ), 1} 01}, >
g1):72}, 02}

— (86,383 (91) VA1) A0, (g, V By (91) A 72) V )

(iif)
B1 VF Ba(g1)
= <§,81V*B2 (91), hig, nx (91)>
_/ rmin{r max{(§51 \~/§52)
- max{min{(hg, A hig,)(

(91), 71}, 01}, >
g1),72}, 02}

= (35, 78.)(91) V)R8, (g, A ) (91) A2) V 62 )
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(iv)
B1 o* Ba(g1)
<\SB10*62 (91)s T, 0% g, (91)

_ < rmin{r max{(35,5%5,)(91), 71}, 01 }, >
max{min{(hﬁl o hﬁz)( 1)772}762}

= (85,555 (9) V)R, (g, © Bz, (91) A 72) V )

where 61,% € D(0, 1] such that 1 < 6~1 and da, 7y, € [0, 1) such that 62 < ~yo.

Here we prove a lemma which will be very helpful.

Lemma 4.2. For and two cubic sets 5, = <§g1, hﬁ1> and By = <§52, h,32> of S, the following assertion
are true,

(i) B1 N* B2 = BY A B5.
(it) B1 V* B2 = BT V B3
(iii) B o* Ba = BT 0 BF.

Lemma 4.3. Let R5 and R4 be any two non-empty subsets of S. Then the accompanying statements are
valid,

(l) M R5 AX €R4 = %;KAR5 N Ry,
(ll) »r R5 v IA‘R4 = %;KARg) U Ry,
(le) %?R{g o* %€R4 = %;?AR{; o R4.

Lemma 4.4. Every (€, € VqA)-cubic ideal 5, = <§51, h51> of S with left identity is idempotent.

Proof. Let 8; = <§31,551> be an (€, €r VqA)-cubic ideal of an intra-regular AG-groupoid

S with left identity. Since S is intra-regular so for each g; € S there exist l;,ls € S such that
g1 = (119%)l2. Now, as

g1 = (lig))le = (l(9191))l2 = (g1(l1g1))l2 = gi(l1l2) = (l2(l1g1)) g1
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Consider,

%510¥,31 (91)

and

hﬂw*ﬁl (91)

1y

IA

IN
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T1)AGL

) ‘yﬁl (pQ

({S, (12(1191))AS, (91) VA1) Ady
{(Sp, (l2(1191)) VA7) A (S5, (91) VA1) } A0y
({(S5, (91)A01)A (S5, (91)Ad1) }AG1) VAL
(S5, (91)AS5, (91)) VA1) Aoy
&ﬁfx§ﬁf(gl)

(36,584, (91)V7

(( rsup {Sp,(pm
g1=p1op2

YHVA)AG

=
S/

N)

C‘}ﬁf‘ (gl)a

(hg, © hg,)(g91) Ay2) V Oz

(glziglfom{ﬁﬁl (p1) V B, (p2)}) A v2) V 02
(h, (l2(l1g1) V hg, (91)) Ay2) V 02

(g, (g1 (vu) Av2) V (Rg, (9111) A v2) V 62
hﬁ1 (gl) \ 52) \ (h51 (gl) \ 52) N Y2

(P, (91) V Tig, (g1)) A v2) V 02

((hﬁl \ h51) ( )) A '72) V 62

igs Vigs ) (1)

3*(91)

(
(
{
{
(
(
(

5

S0, 81 0% B1(91) = (Sp,005,(91) = (S (92). Figyom s (92) < g (92)) 2 .

Also,

gﬁlo*ﬁl (gl)

and on the other hand,

hﬁlo*ﬂl (gl)

>

O

B o* Bir.

((
((

91

(35,535, (91)V71)Ad1

(( rsup {Sp, (11)ASs, (p2)}) VA1) A
g1=p10p2

rsup  (Sp, (p1p2) A01)A (S5, (P1p2)Ad1) VA1
g1=p1°0p2

Spx A3 (g1)

C‘\Yﬁf (gl)a

g, 0 g, )(g1) A v2) V b2
glziglfop2{hﬁl (pl) \ hﬂl (pQ)}) A 72) V 2

inf  (hg, (p1p2) V 02) V (hg, (p1p2) V 62) A ye

=PpP10p2

gz V hgx (1)
hex (91).

S0, 81 % A1) = (S0 (91) = (357 ) (90):Bsiomsi(91) 2 (B ) (91)) € Br. Hence, By =
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Theorem 4.3. Let 31 = <§51 R, > be a cubic set of S with left identity, the accompanying conditions are
comparable,

(i) S is intra-regqular.

(ii) BLN* o = 1™ By forall (€, Ep VqA)-cubic quasiideals 31 = <§517h51> and Bs = <§52,h/32>
of S.

Proof. (i) = (i)
Let 5 = <§51 , hgl> and (s = <§52 , h52> be (€, €Er VqA)-cubic quasi ideals of an intra-regular
AG-groupoid S with left identity. Then by Theorem 4.2, 8; = <§ﬁl,hﬁl> and 3, = <§52,h52>

become (€, € VqA)-cubic ideals of S. Since S is intra-regular so for each g; € S there exist
I1,ly € S such that g; = (I9%)l>. Now, as

g1 = (lig))lz = (i(g191))l2 = (91(1191))l2 = g7 (vu)ly) = (la(l191)) 1

As f1 0% Ba(g1) = <§ﬁlo*62 (91), i 0% g, (91)> :
Consider first,

Sproem(91) = (($5,855,)(91)V1)Ad

= (( wsup {Sp, (P1)ASs, (p2)}) V)AL
g1=p10p2

= ({85, (a(lig1)AS, (91)} VA1) A0

= {(Sp, (la(l1g1))VT)A(S (m)%)}ﬂa}
= ({(Sp, (91)A01)A (S5, (91) RS )}/\51)\/71
(S5, (91)AS, (1)) VA1) A0
ggféxggj(gl)a

Y

and on the other hand,

hig, 0 R, )(g1) Ayz2) V 62

oy b {Rig, (p1) V Tig, (p2)}) A2) V 62

(hg, (l2(l1g1) V Ry (1)) A y2) V 62

(R, (g1(vu) Av2) V (R, (g1l1) Ay2) V 62
fig, (g1) V 62) V (hg,(g1) V 02) Az

(R, (g1) V iy (1)) Av2) V 62

((hg, V hg,) (91)) Av2) V 62

(hﬁ* v hﬂ*) ).

hﬁlo*ﬁz (gl)

(
(

IN

IN

(
(
{
{
(
(
(

So,

B1 0% Ba(g1)
= <§Blo*[32 (91) = (gﬁfxggf)(gl)vhﬁlo*ﬁb (91) < (ﬁﬁfe \ ﬁg;) (91)>
2 B A* B
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Also,

Spoxs(g1) = ((35,555,)(91)V91)Ad

= (( rsup {Sp, (P1)ASp, (p2) V)G

g1=p1op2

= rsup (§51 (pIPQ)KSi)K(gﬁz (p1p2)7\5~1)\~/’%
g1=p1°p2

= Spr RSz (a0,
and on the other hand,

h’ﬁlo*ﬁz (91) = ((hﬁ’l © hﬁz)(gl) A 72) V &g

( nf s, (00) V B (p2)}) A ) V 02

inf  (Ag, (p1p2) V 62) V (fig, (p1p2) V 02) A ¥2

g1=p10p2
hﬂf v h5§ (91)-

Vol

So,
Br o™ Ba(g1)
- <§510*52(91) = (§5fx§ﬁ§) (91), 1025, (91) 2 (hﬁf v hﬁ?) (91>>
C B A* Ba.
Hence, 81 A* B2 = 31 o* fa.
(ii)= (i)

Let Q1 and - are the quasi ideals of S with left identity and let g1 € Q1 N Q2. Then 34+ AQ and
52 Qy are (€, €p VgA)-cubic quasi ideals of S. Then, by hypothesis

ERQ1Qs = 7R Q1 oF 2R Qo = 5P Q1 NF Q2 = 5 Q1 N Qo
Thus, @Q1Q2 = Q1 N Q2. Hence, S is intra-regular by Theorem 2.1. O

Theorem 4.4. Let 51 = <§51 R, > be a cubic set of S with left identity, the accompanying conditions are
comparable,

(i) S is intra-regular.
(ii) By N* B2 C By o* B forall (€, €Ep VqA)-cubic left ideal 31 = <§51,h51> and every (€, Ep

VqA)-cubic right ideal S5 = <§ﬂ2, hﬂ2> of S.

Proof. Straightforward. O

Theorem 4.5. Let 3 = <§g1 , h/g1> be a cubic set of S with left identity, the following conditions are
equivalent.
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(i) S is intra-regular.

(if) f1 N* By = B1 o* [y for any (€, Ep VqA)-cubic quasi ideal B = <§51,h51> and any
(€, €r VqA)-cubic left ideal 55 = <§52, h52> of S.

(iii) By N* B = B1 o* B for all (Ep, Ep VqA)-cubic quasi ideals 31 = <§31,551> and By =
<§52, 552> OfS.

Proof. It follows from the proof of the Theorem 4.3. O

Theorem 4.6. Let 3; = <§B1ahﬁl> be a cubic set of S with left identity, the following conditions are
equivalent.

(i) S is intra-regular.

(if) f1 N* Ba C B1 o* [y for any (€, Ep VqA)-cubic quasi ideal B = <§g1,h51> and any
(€ €r VqA)-cubic left ideal 52 = <§52, h52> of S.

(iii) By N* Ba C B o* B for all (€, € VqA)-cubic quasi ideals 31 = <§51,551> and By =
<§52, ﬁ52> OfS.

Proof. It follows from the proof of the Theorem 4.3. O

Theorem 4.7. Let 31 = <§51 , h51> be a cubic set of S with left identity, the following conditions are
equivalent.

(i) S is intra-regular.

(if) By N* By = (B1 0% B2) o* By for any (Ep, Ep VqA)-cubic left ideal B; = <§517h51> and any
(€ €r VqA)-cubic quasi ideal By = <§52,h52> of S.

(iil) B1 N* Ba = (B1 0¥ B2) o* By for any (€, Ep VqA)-cubic quasi ideals 51 = <§51,h51> and
,32 = <§ﬁ2,hﬁ2> OfS

Proof. (i)=>(iii)
Let 5 = <§ﬁ1 , hg1> and Sy = <§52 , h52> be (€, €r VqA)-cubic quasi ideals of an intra-regular
AG-groupoid S with left identity. Then, by Theorem 4.2, 5, = <§51,h51> and (2 = <§52,h52>
become (€, € VgA)-cubic ideals of S. Since S is intra-regular so for each g; € S, there exist
l1,l5 € S such that g1 = (llg%)lg
Now as

g1 = (119%)12 = (li(g191)l2 = (91(l191))l2 = 9%((”“)11)

= (l2(lhg1))gr = (l2(l1g1))((12(lrg1))g1) = (91(I2(l191))) ((lrg1)l2).
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Now, we consider

%(510*&)0*31 (91)

on the other hand,

h(510*52)0*51 (91)

Thus,
((B10* B2) o* B1)(g1) =
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= (((35,5935,)535,)(91) VA1) Ady

= ((suwp {(35,56,) (91)AS 5, (p2) }) VA1) Ady

({(36,555,)(91(12(1191))) A5, (91) } V1) Ady

= rsup  {Sg, (W)ASs, () }ASs, (91)Ad:
91(l2(l1g1))=uv

= (S (90)R00)AS A (91)7601) 1S (92)A01) V71
= (S5, (9785, (1) V1) A0y

= A% )

(((hﬁl 0 hﬁz) o hﬁ1)(gl) A 72) V &y
= (( inf {(hg, o hp,)(p1) V hg,(p2)}) Av2) V b2

g1=pip2

< ({(hg, 0 ) (91(12(1191))) V Figy (91)} A y2) V 6o
B gl(la(lilgf)):uv{hﬁl (u) V T, (0)} V g, (91) V 02

< ({(hg,(g1) V 62) V (hg, (1) V 02) ths, (91) V 02) A2
(((h,Bl (gl> v hﬁz (gl)) A 72) V b2

(Stpromsmors (9) = Spp AS5)(01)s iggiox puyonsn (1) < (Bgz V bz ) (1)) 2 Br A% o

Now, for the reverse inclusion consider

S(B10%p2)0% 5 (91)

(((35,535,)335,) (91) V1) A0y
( 1sup {(35395)(P1)AS 3 (p2) VA1) A1

(( rsup {rsulp {S5, (DAS 3, (m)}AS 3, (p2) V) A
g1=pipP2 pi1=im

rsup { rsup S, (1m)AS g, (Im) VA1 }A(S s, (p1p2) VA1) Ady
g1=p1p2 pi1=lm

rsup {Sg, (1) AS s, (p2) VA1 YA (S8, (P1p2) VA1) Ady
gi1=pi1p2

rsup {3, (P1P2)KS52 (p1P2)V“71}/~\(352 (p1]92)v71)x51
gi1=pip2

(S5, (91) A8, (91)AS 5, (91)) VA1 Ady
(S8, (91) A6, (91)) VA1) Ady

35 7855 (1),
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on the other hand,

figro%payoxp, (91) = (((Rg, 0 hg,) 0 B, )(g1) Ay2) V 62
= (( inf {(hg, o hp,)(p1) V hp,(p2)}) Ay2) V 02

g1=pi1p2

= (( inf { it e, () V()}V gy (p2)}) A ) V 62

9g1=p1p2 p1=

> Ao { ol e, (Im) V he, (Im) A2}V (s, (prp2) Av2) V 62

= f {he(p1) V hsy(p2) A2}V (hs, (prp2) A72) V 02

> glizllljflm{hﬁl (p1p2) V I, (P1p2) A2} V (B, (P1p2) A y2) V 02

= (hﬁl (gl) v h’ﬁ2 (gl) V hg, (gl)) Ay2 V02
= (P, (91) V hip, (1)) A y2) V 62

Thus,
((B1 0% B2) o* B1)(g1) =

(Siproxmrorm (91) = (S5 AS5)(91)s hprox pmyorsn (91) > (Bgr V bz ) (91)) 2 Bu A* .

Hence, 51 A* By = (1 0* 2) o* 31 for any (€, € VqA)-cubic quasi ideals §; = <§51 ) 561> and
ﬂg = <§,32,h,32> of S.

(iii)=-(ii) is obvious.

(ii)=(i)
Let R4 and Rj3 be the left and quasi ideal of S with left identity. Then %ff AR, and %;36 ARy are
(€p» Er VqA)-cubic left and (€, € VgA)-cubic ideal of S. Then, by hypothesis,

%;KAR4 N R3 = %IA‘R4 /\9:é %IA‘R?, = (%?Rg; 09:é %?Rg,) 09:é %€R4 = %?(R4R3)R4.

Thus, (R4R3)Rs = R4 N R3. Hence, S is intra-regular by Theorem 2.4. O

Theorem 4.8. Let 3 = <§,31 , b, > be a cubic set of S with left identity, the accompanying conditions are
equal,

(i) S is intra-regular.

(i) 1 N* Ba C By 0™ Ba for all (€, Er VqA)-cubic bi ideal B, = <§,31,h51> and (€, €Ep VqA)-
cubic quasi ideal By = <§ﬁ2, hﬁ2> of S.

Proof. (i)=-(ii)
Let 51 = <§gl,h51> and By = <§52,h52> be (€r, €r VgA)-cubic bi ideal and (€, €r VqA)-
cubic quasi ideal of an intra-regular .AG-groupoid S with left identity. Since S is intra-regular so

for each g; € S there exist [1,ly € S such that g; = (I1g?)l5, and S = S? so for I, € S there exist
s,t € S such that [y = st.
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Now, as
g1 (l1gD)l2 = (l1(9191))l2 = (91(l1g1))l2 = (l2(l191)) g1
= [(st)(lug)]gr = [(g1l)(ts)lgr = [{(ts)la }anlgr = [{(ts)la }((1igD)l2)] g
= [(hgD){(ts)lh }2)lgr = {g1(lig) Y({ ()l Ha2)]ga
= [H{{s)l1}2)(lig1)}g1lo
= [{p1(lig1)}g1]g1, where py = ((ts)l1)l2,
and
pithg) = pilli{(ig))la}] = pal(lhg?) (hla)] = (lgd)lpr(hala)]

= [(hl)m](gih) = gi([(ila)pr]lr) = gipa, where po = [(Lil2)p1]l,
therefore, g1 = ((97p2)91)g1, where py = [(l112)p1]ly and py = ((ts)l1)la.
Now, consider

Sporsa(e) = (35336,)(01)771)Ad

(( tsup {S, (p1)AS5, (p2) VARG
g1=p10p2

({35, ((97p2)91)AS 5, (91)}V71) A
{(S6, (9D VA (S, (91) VA1) YAdy
({(S5, (91)R01)A (S5, (91)Ad1) }A01) VA1
(S, (91) A5, (91)) V1) Ady

§5f KC}B;? (91),

Y 1Y 1y

and on the other hand,

(B, 0 hg,)(g1) Aya) V 02
(inf  {hg (p1) V hs,(p2)}) Ay2) V o2

g1=p10p2
(R, ((97p2)g1) V hpy(g1)) Ay2) V 62

hg,o%8,(91) (

(

{

{(hg, (97) N y2) V (B, (91) A y2) V 62
(h h

(

(

IN A IA

B1 (gl) \/52) ( ﬁ2(gl) \/62) A Y2
hg, (91) V h,y(91)) Ay2) V 62
(R, V hg,) (91)) Av2) V 62

( - vhﬁ*) ).

—~

Thus,
B1o* Ba(g1) = <%Blo*ﬁ2 (91) = (%5;%%3@;) (91), g, 0% 8, (g1) < (hﬁf v hg;) (91)> 2 B A Ba.

B1AN* By C B10* By forall (€, €p VgA)-cubicbiideal 5, = <§51 , h51> and (€, €r VqA)-cubic
quasi ideal 82 = <§g2, h52> of S.

(i)=(1)
Let Ry and Rj are the bi and quasi ideals of S with left identity respectively. Then, s Ry and
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552 Ry are (€, € VgA)-cubicbiand (€, € VgA)-cubic quasi ideals of S respectively. Then,
by hypothesis

%fféRQRg = 3 Ry o* 3 Ry < 3¢ Ry N* 3¢ Ry = ' Ry N Rs.

Thus, R2R3 € Ry N R3. Hence S is intra-regular by Theorem 4.8. O

5 Conclusion

In this paper we have given some characterizations of the intra-regular .AG-groupoids by using
the generalized cubic ideals. We will also characterize more classes of .AG-groupoids through the
given generalized cubic ideals. In future we are aiming to provide more generalizations of such
types of ideals.
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